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A B S T R A C T 

Thermal shock is a major concern for brittle and quasi-brittle construction materials such 

as ceramics as it can easily lead to fracture. The complex mechanism and fracture 

pattern of this phenomenon make its analysis and prediction challenging. The phase-

field method in this context is a promising candidate for simulating this phenomenon. 

By representing a discrete crack with a continuous damage variable that evolves 

according to its governing equations, the entire fracture process could be captured within 

the original finite element mesh. In this work, we developed a phase-field 

thermomechanical fracture model and implemented it into Abaqus software to reproduce 

literature work on the fracture behavior of ceramic materials subjected to water 

quenching. Different types of ceramic plates at various temperature conditions were 

investigated. The obtained results showed good agreement with the published works, 

validating the model implementation to be applied to further studies. 

1 Introduction 

Thanks to their versatility and high resistance to heat, corrosion and oxidation, ceramics materials have long been 

integral in civil engineering, with applications ranging from making tiles, bricks, glass to advanced construction materials 

and structural components [1]. However, their inherent brittleness make them susceptible to fracture under mechanical 

stress or sudden temperature change. This phenomenon is referred to as thermal shock, and an understanding of this type of 

failure is crucial for expanding the application of ceramics in demanding environments. Experimental studies have been 

carried out to examine the effects of thermal shock on different material samples. Jiang et al. [2] were among the first to 
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investigate this by testing thin rectangular ceramic specimens 50x10x1 mm3 with temperature ranging from 300oC to 

600oC. D. Li et al. [3] investigated how the position of water exposure affects the thermal shock behaviour by immersing 

samples of similar materials with dimensions of 40x6x4 mm3 into water, causing an abrupt temperature shift from 310oC. 

This is a significant finding that has served as a basis for comparison in many subsequent simulation studies. Meanwhile, 

Shao et al. [4] used the modern apparatus with a resolution of 1024 x 512 pixels, enables real-time observation of cracking 

under suddenly temperature difference of 280°C in sheets measuring 50x10x0.4 mm3. Liu et al. [5] analysed the crack 

propagation in thin, round plates with the following dimensions of 6.5-mm radius and 1 mm thickness subjected to a 

maximum temperature of 500°C before water immersion. Recently, Schlacher et al. [6] tested ceramic composites under 

thermal shocks with temperature differences between 200oC to 400oC, expanding insights into the durability of these 

engineered materials. 

Besides theoretical and experimental investigation, numerical simulation has been widely adopted as it is a cost-

effective tool. Different strategies have been proposed. In the lattice model [7], a homogeneous elastic material is modelled 

with a lattice approximation, crack propagation due to thermal shock is presented by a periodic sequence of temperature 

pulses with steep gradients. However, this model has limitations, as it assumes that the crack follow a straight path and 

moves at a constant speed. The model cannot solve the problem with cracks that follow a curve and move at a changing 

speed. Another approach, developed by Ricardo et al. [8], involves cohesive zone modeling (CZM) based on coupled 

energy and stress condition. This model enables the calculation of crack initiation time and length for a given crack 

spacing. However, to simplify the calculation, this model assumes material coefficients are temperature-independent, while 

in reality, these coefficients are more or less affected by temperature. 

In recent years, the phase-field method has attracted increasing interest among fracture mechanics researchers. It 

originates from the pioneering works of Francfort and Marigo [9] for the theoretical foundation, and Bourdin et al. [10] for 

its numerical implementation. In this approach, the classic Griffith’s theory of fracture mechanics [11] was reconsidered as 

the energy minimization problem. The discrete crack is replaced by a continuous damage variable 𝜙, which evolves based 

on the constitutive equations. This method allows to capture complex fracture behavior such as crack nucleation [12], 

branching [13] and merging [14] without modifying the original finite element mesh. Thus, the method is therefore an 

excellent candidate to simulate thermal fracture in ceramics. Mandal et al. [15] performed an extensive study of the 

ceramics quenching test, in which the so-called BFGS algorithm is utilized to enhance the computational efficiency. 

However, as this work focused primarily on computational aspects, materials properties and boundary conditions were 

simplified, leading to some unrealistic damages patterns. On the other hands, Wang et al. [16] use the method to investigate 

surface cracking in ceramic bottles during rapid cooling. Like the previous study, this work also simplified thermal and 

material parameters, limiting the accuracy of results. 

In this work, we present a phase-field model to analyze the thermal shock cracking behaviors of ceramics under water 

quenching in the software Abaqus. The model is adapted from the one presented in [17-22], extended for transient 

thermomechanical damage, and applied convective boundary conditions (BCs) instead of traditional Dirichlet BCs. 

Additionally, several materials parameters are treated as temperature-dependent to enhance the quality of the simulations. 

The results will be validated against experimental observations [2, 5] to evaluate the capabilities of the model to be applied 

in further context. 

The remaining of the paper is organized as follow: Section 2 provides the background of the phase-field 

thermomechanical fracture model and the finite element implementation in Abaqus. Several benchmark examples are 

presented in Section 3, and relevant conclusions are drawn in the last section. 

2 Method 

Consider an n-dimensional body Ω ∈ ℝ𝑛 (𝑛 = {1,2,3}) with surface 𝜕Ω ∈ ℝ𝑛−1 and crack surface 𝛤, 𝛺/𝛤 representing 

the crack domain. For brittle fracture, the total energy of the system ℰ is the sum of the strain energy and fracture energy, 

which can be written in variational form as: 

 ℰ = ∫ 𝜓(𝒖)𝑑𝑉
𝛺/Γ

+ ∫ 𝐺𝑐𝑑𝛤𝛤
 (1) 
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where 𝜓(𝒖, 𝑇) is the volumetric strain energy,which is the function of the displacement and temperature fields 𝒖 and 𝑇, 

while 𝐺𝑐 represents the critical energy release rate as defined by Griffith [11]. In that context, the 𝛤’s feature can be 

determined by minimizing ℰ [7]. This task is computationally intractable due to the unknown nature of the sharp domain 𝛤. 

To overcome this, the domain is smeared out by introducing a continuous damage variable ϕ ∈ [0,1], which is equal to 0 

outside the crack, and 1 at the crack location [23]  (see Fig. 1). The level of smearing linked to a length scale 𝑙; when𝑙 → 0, 

the sharp crack case is found [23]. 

 

Fig. 1 – Example of sharp crack (left) and diffuse crack (right) 

With 𝜙 and 𝑙, several models are developed to approximate equation (1), namely AT1 [22], AT2 [24] and phase-field 

cohesive zone model (PF-CZM) [17]. The AT1model features low regularization parameter, which effectively localizes the 

energy dissipation near the crack path, making it well-suited for brittle material [25]. Compare to AT1, the AT2 model 

introduces a smoother regularization term and spreads the fracture energy more diffusely, which makes it more versatile 

and can be applied to a wider range of materials. However, this model has less localization of the damage, which could 

impact the accuracy in case of sharp brittle fracture [12]. Meanwhile, the PF-CZM combines the advantages of phase-field 

modeling and cohesive zone mechanics, creating a more comprehensive approach for the initiation and propagation of 

cracks. However, its high computational complexity and requirements of careful parameter calibration could make this 

approach overly complicated [26]. 

In this problem, the fracture of ceramics materials can be assumed to be pure brittle, which makes AT1 the most 

suitable model. Following this model, equation (1) can be approximated as: 

 ℰ ≈ ∫ 𝑔(𝜙)𝜓0(𝒖, 𝑇)𝑑𝑉𝛺
+ ∫

3𝐺𝑐

8𝑙
(𝜙 + 𝑙2|𝛁𝜙|2)𝑑𝑉

𝛺
 (2) 

where 𝜓0(𝒖, 𝑇) is the volumetric strain energy of the undamaged material, 𝑔(𝜙) is the stress degradation function: 𝑔(𝜙) =

(1 − 𝜙)2 + 𝜅 and 𝜅 is a very small number to prevent ill-condition[13]. The equation for the damage field 𝜙 evolution is 

the Euler-Lagrange equation of the functional ℰ [23]: 

 𝑔′(𝜙)𝜓0(𝒖, 𝑇) +
3𝐺𝑐

8𝑙
(1 −

𝑙2𝜵2𝜙

2
) = 0 (3) 

The displacement field 𝒖 is computed from the strain tensor 𝜺 and the Cauchy stress tensor 𝝈, assuming equilibrium: 

 {

𝜀 =
1

2
(∇𝑢T + ∇𝑢)

𝜎 = 𝑔(𝜙)
𝜕𝜓0(𝑢,𝑇)

𝜕𝜀

∇ ∙ 𝜎 = 0       in Ω

 (4) 

The temperature field 𝑇, last, is obtained by modifying the heat transfer equation by accounting for the crack through 

the phase-field: 

 𝜌𝐶𝑝𝑇̇ − 𝛻. [𝑔(𝜙)𝑘0𝛻𝑇] = 𝑟 (5) 

where 𝑟 is a heat source, 𝑘0 is the thermal conductivity of undamaged material, 𝜌 and 𝐶𝑝 are the material density and 

specific heat, respectively. The thermal expansion is assumed to be isotropic, described by: 

 𝜀𝑇 = 𝛼Δ𝑇1 (6) 
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where 𝛼 is the thermal expansion coefficient, and 1 represents unit tensor in three dimensions. 

To guarantee the damage irreversibility (𝜙̇ ≥ 0), a history variable 𝐻 is introduced [23]: 

 𝐻 = max
𝜏∈[0,𝑡]

𝜓0
+ (𝜏) (7) 

Equations (3), (4) and (5) can then be rewritten in a weak form: 

 

{
 
 

 
 ∫ 𝜎: 𝛿𝜀𝑑𝑉

Ω
= ∫ 𝑇̅. 𝛿𝑢𝑑𝑆

∂Ωσ

∫ [
3𝐺𝑐

8𝑙
(1 −

𝑙2∇2𝜙

2
) − 𝑔′(𝜙)𝐻] 𝛿𝜙𝑑𝑉 = 0

Ω

∫ [(𝜌𝑐𝑇̇ − 𝑟)𝛿𝑇 + 𝑔(𝜙)𝑘0∇𝑇. 𝛿∇𝑇]𝑑𝑉 = ∫ 𝑇̅. 𝛿𝑢𝑑𝑆
∂ΩσΩ

 (8) 

in which 𝜕Ω𝝈 (respectively 𝜕𝛺𝜑𝑛) is the part of 𝜕Ω where the stress 𝑻̅ (respectively normal heat flux 𝜑̅𝑛) is imposed, while 

∂Ω𝑢 and ∂Ω𝑇 are the part of ∂Ω where displacement and temperature are imposed, respectively, with 

 {

∂Ω = ∂Ω𝝈 ∪ ∂Ω𝑢&∂Ω𝝈 ∩ ∂Ω𝑢 = ∅

∂Ω = ∂Ω𝜑𝑛 ∪ ∂Ω𝑇&∂Ω𝜑𝑛 ∩ ∂Ω𝑇 = ∅
 (9) 

Last, 𝛿𝒖 and 𝛿𝑇 are continusous function which are equal to 0 on ∂Ω𝑢 and ∂Ω𝑇 , respectively (with 𝛿𝜺 =
1

2
(𝛿𝒖T + 𝛿𝒖). 

No such boundary conditions are needed for 𝛿𝜙. 

The system (8) is implemented in the Abaqus finite element software [27] by User Element (UEL) Subroutines [28]. 

Due to its flexibility, this subroutine was employed to implement coupled thermo-elastic-phase-field model, as outlined in 

Fig. 2.  

 

Fig. 2 – Flowchart of the Abaqus implementation of the coupled problem 

In the staggered scheme, two different UELs are created: one for the coupled thermo-mechanic and other for the phase-

field variable, both using four-node quadrilateral bilinear elements with Finite Element Method framework. The use of two 

UELs requires the creation of two element types in a layered configuration – one for thermo-mechanic, another for phase-

field, and a “dummy” layer with no stiffness made from internal element which Abaqus can recognise to visualize nodal 

values of degrees of freedom (DoFs). These layers of elements are connected to each other by the same nodes, but with 

different DOFs. For each element, Abaqus provides the values of DOFs (displacements, temperature, phase-field) of 

previous time increment which will be interpolated into integration points then calculate the subsequent values of DOFs at 

actual time increment. Within each loop, the UEL for coupled thermo-mechanic is executed first to compute displacements 

and temperature, which are then transfered into the second UEL to calculate the phase-field. This phase-field data is 

ultimately stored in the “dummy” layer for visualization in Abaqus. 

The process is repeated for each integration point in the element, after which Abaqus assembles the global system of 

equations. Using the UEL approach, the RHS and AMATRX must be coded and return to solver. Abaqus then employs the 

internal Newton-Raphson method to obtain the solution. 

Details of the implementation can be found in the literature [17-21, 29]. 



 JOURNAL OF MATERIALS AND ENGINEERING STRUCTURES 11 (2024) 381–390  385 

 

3 Applications 

3.1 Set up of the problems 

The proposed model is used to simulate quenching tests of ceramics, as published in literature [2, 5]: samples are 

heated to high temperatures 𝑇0 (300-600oC), then dropped into a cold water bath of 𝑇∞ = 15-20oC. Cracking due to thermal 

shock is then observed. Two experimental studies will be referred: The work of Jiang et al. [2] with 50x10x1 mm3 

rectangular specimens (Fig. 3a), and the test of Liu et al. [5] using 6.5-mm radius circular plates of the same thickness (Fig. 

3b), with the corresponding modelling works. 

Based on symmetries, only half of the rectangular specimen and a quarter of a circular plate are modeled in the 

simulation. 

 

Fig. 3 –  2D geometry for simulation and boundary condition of the quenching tests of (a) rectangular specimen and (b) 

circular plate 

In both works, the considered material is 99% purity alumina ceramics. The Poisson's ratio 𝜈, Young's modulus 𝐸, 

critical energy release rate 𝐺𝑐, and the ultimate tensile stress 𝜎𝑐 are assumed to be temperature-independent in the range 

15oC – 600oC (see Table 1); while the thermal conductivity 𝑘0, specific heat 𝐶𝑝, thermal expansion coefficient 𝛼 are 

considered to be temperature-dependent (see Table 2). Convective boundary conditions 𝜑̅𝑛 = ℎΔ𝑇 are applied on the outer 

sample’s surfaces, in which the convective heat transfer coefficient ℎ is temperature-dependent [2, 5, 30].(see Table 2). 

Table 1 - Temperature-independent material parameters of the studied ceramics [2, 5, 30] 

𝐸 (GPa) 𝜈 𝐺𝑐 (J/m2) 𝜎𝑐 (MPa) 

370 0.22 24.3 180 

Table 2 - Temperature-dependent material parameters of the studied ceramics [2, 5, 30] 

𝑇0 (oC) 𝑘0 (W/(m.K)) 𝐶𝑝(J/(kg.K)) 𝛼(10-6K-1) ℎ (kW/(m2.K)) 

300 18 1150 7 54.5 

350 15 1175 7.3 100 

400 13 1200 7.5 86 

500 11 1250 8 57 

600 9 1270 8.5 45 

From the graphs in original literature with data presented in Table 2, third-order polynomial fittings are applied to 

describe the variation of the material parameters due to temperature. In reference to the length scale 𝑙within the AT1 phase-

field model, it is determined by [22] 

 𝑙 =
3

8

𝐺𝑐𝐸

𝜎𝑐
2  (10) 

leading to 𝑙 = 0.1 mm. To achieve reliable simulation, it is recommended to use a mesh size at least three times smaller than 

the length scale [17-21]. The rectangular specimen model is thus discretized into ~200 000 linear with full integration quad 

elements, and the circular plate with ~123 000 elements. The total simulation time is 0.2 s, which is divided into 2000 steps 

(with a staggered constant time increment). 
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3.2 Results & Discussion 

3.2.1 Evolution of cracks 

Fig. 4and gives the evolution of temperature 𝑇 and the damage field 𝜙, considering an initial temperature 𝑇0 = 400oC 

for the two experiments, at 3 moments: t = 0.0001s, at 0.1 s and at 0.2 s, respectively. 

 

Fig. 4 – Evolution of temperature and fracture of the samples in the quenching test at T0 = 400oC: (a) Rectangular 

specimen and (b) Circular plate 

 

Fig. 5 – Evolution of maximum principal stress of the samples in the quenching test at T0 = 400oC: (a) Rectangular 

specimen and (b) Circular plate 

The temperature profiles show a rapid cooling effect from the outer faces toward the center with steep thermal 

gradients, the red color indicating the hot part at 400oC and the blue ones indicates ambient temperature (around 15–20oC). 

This non-uniform temperature distribution induces significant thermal stresses, leading to fracture as illustrated by the 

damage field maps. The cracks initiate from the edges at the beginning (t = 0.0001 s), and propagate inward as seen at t = 
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0.1 s. At t = 0.2 s, as the cooling progress, the cracks continue to grow. Some cracks propagate further than others due to 

the lack of strain energy to support the growth of all the cracks simultaneously [31]. These evolution maps are similar to the 

one of Li et al. [32] using force-heat equivalence energy density principle, indicating the capability of the model to describe 

the relationship between temperature distribution and crack development. 

To better understanding the temperature and fracture patterns, the evolution of maximum principal stress is shown in 

Fig. 5. Cracks initiate early in the process, influencing the stress distribution across the specimen. As crack evolution 

progresses, changes in the stress distribution as observed at t = 0.1s and t = 0.2s; once a crack forms, stress concentrates at 

its onset while stress relaxation is observed near the boundaries, progressively moving inward along the crack path. A 

compressive zone is formed over time at the middle of specimen that stops the crack evolution. The final crack path and 

shape depend strongly on the local competition between traction and compression which drive the crack growth. 

3.2.2 Boundary conditions comparison 

A contribution of this model is the application of convective boundary condition (BC) instead of traditional Dirichlet. 

As seen in Fig. 6, when Dirichlet BC is applied, the temperature constraint is fixed and the dissipation of heat is restricted, 

which results in unrealistic damage occuring along all edges of the samples. Meanwhile, the convective BC allows the 

temperature to vary along the edges and produces the pattern that aligns better with physical expectation. This highlights 

the importance of choosing the appropriate boundary condition, especially for the material that is highly sensitive to 

thermal gradients like ceramics. 

 

Fig. 6 – Comparison between Dirichlet and convective boundary conditions: (a) Rectangular specimen and (b) Circular 

plate 

 

Fig. 7 – Comparison of simulation results with experimental investigations: (a) Rectangular specimen and (b) Circular 

plate 
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3.2.3 Validation with experiments 

To validate the model, the simulated fracture patterns are compared with previously published studies (see Fig. 7 for 

comparison with experiments). 

For the rectangular specimen (Fig. 7a), three simulations are performed at 𝑇0 = 400oC, 500oC and 600oC. The crack 

morphology shows a clear qualitative match with the experimental observations and fits with the already published works. 

On the edges one can observe multiple tiny cracks emerging, and a long crack typically appears after one or two short 

cracks, forming a quasi-periodic pattern. As the initial temperature rises, the number of cracks also increase, while the 

spacing between cracks decreases. Compared to the simulated results in [15] using Dirichlet BCs, the convective BCs in 

this work prevent the side-effect edge damage, giving more a realistic outcome. 

Similar remarks could be drawn for the circular plate (Fig. 7b). Three simulations conducted at 𝑇0 = 300oC, 350oC and 

400oC agrees well with the experimental results, from the radial crack pattern to the angular spacing between long cracks. 

The crack density and length increase with the temperature, with the 400oC case showing the most extensive cracking. 

The number of long cracks in all the cases are given in Table 3. The simulated values are slightly higher than the 

experimental ones, however the tendency is consistent. The difference can be explained by the simplification of the model: 

the material is assumed to be homogenous [32], and the affect of thermal stress on the variation of the damage 𝜙  is 

neglected [15]. 

Table 3 – Number of long cracks in both the simulation and experiment results 

 
Rectangular specimen Circular plate 

400oC 500oC 600oC 300oC 350oC 400oC 

Experiment 36 40 42 7 8 10 

Simulation 38 44 48 8 10 12 

3.2.4 Investigation of crack initiation 

With the model demonstrated to be robust, it is now applied to analyze crack initiation in two experimental setups. We 

track the maximum principal stress along the crack path before cracking process to justify this argument in two cases of 

geometries. The maximum principal stress at each point are shown in Fig. 8, where the x-axis represents the distance from 

the outer border to the point of interest, and the y-axis represents the maximum principal stress. 

 

 

 

 
(a) (b) 

Fig. 8 – Crack initiation investigation for (a) Rectangular specimen and (b) Circular plate 

The results show that the stress approaches the material’s strength near the crack initiation point. Once the crack begins 

to grow and develop, maximum stress observed before crack formation differs from that initiation point. This can be 

explained by the coupled criterion [33], which states that crack initiation at the vicinity of onset is driven by a stress 

criterion, while the propagation phase is governed by an energy criterion. This criterion can be used to explain the facts that 

maximum stress before cracking is lower than the material’s strength and remains constant during propagation [12]. 

4 Conclusion 

A coupled thermo-mechanic phase-field model is presented, to reproduce the fracture pattern observed in ceramics 

submitted to thermal shocks. It has been implemented into Abaqus via UEL Subroutines, allowing for the calculation and 



 JOURNAL OF MATERIALS AND ENGINEERING STRUCTURES 11 (2024) 381–390  389 

 

identification of the locations of long cracks, as well as shorter cracks situated between them. The crack growth over time, 

starting from the moment of water contact and continuing in the following seconds, is clearly observed for cases where the 

parameters are both independent of and dependent on temperature, a task that is quite challenging to achieve in 

experimental studies. Moreover, the use of convective boundary condition allows the simulation to avoid damage at the 

border compared to that of Dirichlet boundary condition, which in turn makes the simulation more realistic. Investigation 

of crack initiation justifies the argument that AT1 model is suitable for simulating crack initiation in brittle materials. 

Indeed, as observed in stress state before crack, AT1 can well capture the initiation at material strength then crack will be 

driven by energy criterion in propagation phase. The presented results permit to reproduce both numerical and experimental 

results already published for this kind of application, allowing the validation of the implementation and its possible use on 

other configurations. 

It is important to note that the AT1 model is suitable only for brittle material and not for quasi-brittle or others types of 

ductile fracture. The proposed model requires further development to improve its accuracy and efficiency and to expand its 

applicability to other thermally induced cases, for example impact of thermal shock from rapid cooling on the mechanical 

properties of concrete, or other multi-physics coupling problem. For instance, future work could be continued in order to 

integrate dynamic effects, extend the model to 3D structures and couple with other physical phenomenon. 
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